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Abstract

The surface vorticity method (SVM), which is a fast and practical grid-free two-dimensional (2-D) method, and a

fluid–structure interaction model incorporating the effects of cylinder motions and displacements is used to simulate the

vortex-induced vibration of cylinder arrays at sub-critical Reynolds number Re ¼ 2:67� 104. The SVM is found to be

most suitable for simulating a 2-D cylinder row with large-amplitude vibrations where the vorticity field and the fluid

forces of the cylinder row change drastically, and the effect of the stream on the transverse direction vibration is very

significant. The fluidelastic instability of a flexible cylinder row at small pitch ratio is also investigated, and the critical

reduced velocity of the cylinder row at a reduced damping parameter SG ¼ 1:29 is calculated, which is in good

agreement with experimental and analytical results of the unsteady model. Vortex-induced vibration of a staggered

cylinder array is simulated using different structural parameters. When the cylinders are relatively more flexible, the

flow pattern changes dramatically and the fluid–structure interaction has a dominant impact on the flow field.

Compared with grid-based methods, the grid-free SVM is a fast and practical method for the simulation of the FIV of

cylinder arrays due to vortex shedding at sub-critical Reynolds numbers.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

It is well known that tube bundle failures due to cross-flow-induced vibrations may be a catastrophic event in heat

exchangers and steam generators of nuclear power plants. During the past 30 years, considerable investigations have

been carried out and reported in the open literature to explain the phenomenon of flow-induced vibration failure; some

design guidelines have also been proposed. Excellent reviews are given by Paı̈doussis (1983), Weaver and Fiztpatrick

(1988), Moretti (1993), Blevins (1994), Price (1995), and Pettigrew and Taylor (2003a, b). It is generally accepted that

there are four vibration excitation mechanisms in flow-induced vibrations (FIV) of tube bundles. They are: (a)

fluidelastic instability; (b) vortex shedding excitation; (c) turbulence buffeting; and (d) acoustic excitation. Fluidelastic

instability is the most important mechanism. It is the result of fluid–structure interaction and reflects the unsteady

nature of the interstitial flow in the tube bundle. A number of theoretical models have been used to analyse the

fluidelastic instability (Price, 1995). Some of the more notable ones are: (i) the jet-switch model; (ii) quasi-static models;

(iii) inviscid flow models; (iv) unsteady models; (v) semi-analytical models; (vi) quasi-steady models; and
e front matter r 2006 Elsevier Ltd. All rights reserved.
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(vii) computational fluid dynamics (CFD) models. Among the conventional semi-empirical prediction methods, the

unsteady model used by Tanaka et al. (2002) and Chen and Srikantiah (2002) is among the most successful models.

However, this model is based on experimental unsteady fluidelastic force coefficient data, which is difficult to obtain

and up to the present, is only available for some types of tube bundle configurations and several pitch ratios P/D. On

the other hand, CFD models have the potential of being less expensive and more accurate in simulating the real flow

situation, and can be used for any arbitrary tube bundle configurations. In addition, flow field data, such as vorticity

contours, streamlines, fluid forces, velocity contours, and tube dynamics data can be obtained at each time step.

With the advent of computers and computational methods, CFD research on flow-induced vibration of tube bundles

has been carried out in the past couple of decades. Ichioka et al. (1994) simulated the flow-induced vibrations of a row

of cylinders using finite difference method (FDM) to solve the Navier–Stokes (N–S) equations at different Reynolds

numbers (Re). The time history waveform of cylinder displacements and the critical reduced velocity for instability at

T=D ¼ 1:35 and two different structural parameters was presented and compared with experiment results. Kassera and

Strohmeier (1997) calculated the flow-induced vibrations of six flexible tube bundles using a finite volume method

(FVM) to solve the Reynolds equations with a k–o turbulence model. The tube displacement root mean square (r.m.s.)

values at different reduced velocities were presented together with the measured results. Schroder and Gelbe (1999)

simulated the fluid–structure coupling of a flexible tube row and a fully flexible tube bundle by the FVM with different

turbulence models. In their paper, the fluidelastic instability for a tube row, and the pressure distribution and

fluidelastic instability for a three-row tube bundle were given and compared with experimental results. Longatte et al.

(2003) calculated the cross-flow-induced vibrations of a flexible tube in an in-line fixed tube bundle by FVM and using a

unit cell computational domain with symmetrical boundary hypothesis. The tube vibration frequency at small flow

velocity was presented.

Due to the large number of meshes needed for multi-tube simulation and the time-consuming mesh redistribution

requirement for tube vibration, almost all the above computations have to be conducted on workstations or mini-

supercomputers. Furthermore, the calculations were limited to small tube vibrations because of mesh constraints. When

computational accuracy and costs also have to be considered, it can be said that up to the present, most FDM and

FVM are impractical for flow-induced vibration simulation of large numbers of flexible tubes at practical Re. In

general, the finite element method (FEM) is more appropriate for complex FIV and moving boundary problems

compared to FDM, and the grid distributions used can be more flexible. However, FEM requires more computational

time than FDM; therefore, up to the present, FEM simulation of flow-induced vibration of multi-cylinders is still

limited to laminar flow and simple tube configurations.

Liu et al. (2001) computed the flow-induced vibration of two side-by-side circular cylinders using FEM at Re ¼ 200,

and Mittal and Kumar (2001) calculated the flow-induced oscillation of a pair of cylinders in tandem and staggered

arrangements using FEM at Re ¼ 160, while Kevlahan and Ghidaglia (2001) computed the turbulent flow past an array

of cylinders using a spectral method with a Brinkman penalization fluid–structure interaction model. Seitanis and

Anagnostopoulos (2000) investigated numerically the in-line oscillation of a two row tube bundle using FEM at

Re ¼ 200. In their work, one row of cylinders is fixed while the other row of cylinders is allowed to move as a whole.

The time history of the force coefficients and displacements, the streamlines and the vorticity contours over one

oscillation cycle were presented. The FDM/FEM could also be used to tackle multi-cylinder FIV with large vibration

amplitudes if a mesh-shape preservation technique is implemented to prevent mesh entanglement. Recently, So et al.

(2003) have successfully applied this technique to simulate the FIV of two side-by-side cylinders with large vibration

amplitude. In this paper, an attempt is made to use FEM and the mesh remapping technique to simulate fluidelastic

instability of cylinder arrays at sub-critical Re, and the results are compared with the surface vorticity method (SVM)

calculations.

Vortex methods have long been regarded as a natural and efficient approach for flow simulation. Readers can refer to

Cottet and Koumoutsakos (2000) or Lewis (1991) for a detailed description of the vortex method. Such methods

concentrate on simulating the vorticity field and directly capture the physical nature of the flow around bluff bodies. In

particular, the grid-free approach is ideal for flow-induced vibration problems since the bodies can be allowed to move

freely over a large distance without the limitation of the grid. Zhou et al. (1999) simulated the flow-induced vibration of

an elastic cylinder using a discrete vortex method and vortex-in-cell technology. Shiels et al. (2001) numerically

simulated the transverse oscillation of a dynamically supported circular cylinder in a flow at Re ¼ 100 using a high-

resolution viscous-vortex method. Sweeney and Meskell (2003) conducted a fast numerical simulation of the vortex

shedding in a normal triangular tube bundle using a discrete vortex method and a cloud-in-element technique. Although

the introduction of the vortex-in-cell or cloud-in-element techniques provides substantial savings to computational

time, it also makes the method grid-dependent to a certain extent. Based on a 2-D SVM, which is basically a variant of

the deterministic vortex method, Lam et al. (2004) proposed a new vortex–structure interaction model to simulate the

flow-induced vibration of multi-cylinders. The model incorporates vortex–cylinder interaction including the effects of
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cylinder displacement and cylinder motion. With this computational approach, the flow-induced vibration of one and

two flexible cylinders were successfully simulated at Re ¼ 2:67� 104, with a dimensionless time step Dt U=D ¼ 0:075,
and the cylinder responses, the fluid forces, the vibration frequencies, and the vorticity map were presented.

The objective of the present investigation is to apply this simple yet efficient method to study 2-D fluid–structure

interaction of a large number of infinitely long tubes in a cross flow at sub-critical Re.

The computational methodology is briefly described first. The method is then applied to simulate the vortex-induced

vibration and fluidelastic instability of a single row of seven cylinders at Re ¼ 2:67� 104. This can be regarded as one of

the standard cases of cylinder arrays for fluidelastic instability analysis. The vorticity map, fluid force, vibration

response, shedding frequency, and the critical reduced velocity of the centre tubes are compared with experimental

results. Finally, the vortex-induced vibration of a three-row staggered cylinder array and a tube bundle with 14

cylinders is studied at similar Re and time step to gain insight into fluidelastic instability of more complex situations. It

should be noted that this model does not simulate turbulent buffeting or acoustic resonance, which are also major

causes for flow-induced vibration.
2. Formulation of vortex-induced vibration simulation

In any fluid–structure interaction simulation problem, it is necessary to first calculate the flow field, then the

structural dynamics and finally the fluid–structure interaction. Therefore, the SVM and a two-degree-of-freedom

structural dynamics model for 2-D cylinder arrays are discussed first. Then, the fluid–structure interaction model, i.e.

the coupling between the vorticity field and the flexible cylinders, is described.

2.1. Surface vorticity method (SVM)

The fluid motion is governed by the Navier–Stokes equations. For 2-D incompressible flow, the governing equations

can be transformed to the vorticity transport equation, which is

qo
qt
þ V

*
�ro ¼ nr2o, (1)

where o is the vorticity, V
*

is the velocity vector, t is time, and n is the fluid kinematic viscosity. According to (1), flow

development can be regarded as vorticity generation (shedding), qo=qt, vorticity convection V
*
�ro, and vorticity

diffusion nr2o.
When a cross-flow passes a bluff body, a very thin boundary layer is developed. Due to the no-slip condition at the

wall, the tangential velocity outside the boundary layer varies quickly to zero at the wall. In the Martensen’s surface

vorticity method, this thin boundary layer is simplified to a vorticity sheet of strength g(s) moving parallel to the surface

of the body. In numerical simulations, this continuous vorticity sheet is discretized to a number of surface vorticity

elements called surface vorticity. By circulation considerations with the no-slip condition at the wall, the strength of the

surface vorticity is equal to the surface-free-stream velocity just outside boundary layer. For convenience, the tangential

surface velocity just outside the boundary layer is called the ‘‘surface velocity’’ us in this paper. Therefore, we have

gðsÞ ¼ us and the convection velocity of the vorticity sheet is at us/2. The strength of the surface vortex is calculated by

Martensen’s integral potential flow equation by applying Biot–Savart induction law between vortices. Lewis (1981,

1991) modified the integral equation by taking into account the additional coupling effects due to the free vortices for

separated flow. As a result, the strength of the mth surface vortex element can be represented by

XM
n¼1

gðsnÞKðsn; smÞDsn ¼ �U
dxm

dsm

cos a
�

þ
dym

dsm

sin a
�
þ
XI

i¼1

DGiLði;mÞ, (2)

where gðsnÞ is the nth surface vortex strength, Kðsn; smÞ is the coupling coefficient of the nth surface vortex to the mth

surface vortex, Dsn is the length of the nth surface vortex element, U is the mainstream velocity, a is the angle between

the x-direction and the mainstream direction, dxm=dsm and dym=dsm are the projection factors of the x-direction and

the y-direction to the surface tangent direction, respectively, DGi is the vorticity of the ith free vortex, Lði;mÞ is the

coupling coefficient of the ith free vortex to the mth surface vortex element, M is the total number of surface vortex, and

I is the total number of free vortices.

For separated flow simulation, at each time step, the separation points on the surface are determined by the velocity

direction scheme (VDS) proposed by Lam et al. (2004). The surface vortices behind the separation point are shed from

the surface at a small distance normal to the surface and become free vortices (Rankine vortices). The free vortices move
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under the influence of the convection velocity, the surface vortices and other free vortices, and viscous diffusion of the

free vortices. On the other hand, convection of the free vortices is governed by the Biot–Savart induction theorem

(Lewis, 1991), and viscous diffusion of the free vortices is evaluated by the diffusion velocity method proposed by

Ogami and Akamatsu (1991). The surface vortices are also affected by the moving free vortices, which account for an

additional term in the Martensen’s potential flow equation. Therefore, the vorticity distribution in the flow field can be

determined. Once known, the velocity field can be calculated from the vorticity distribution.

2.2. Calculation of the force coefficients

The pressure distribution around the cylinder is calculated using the energy equation and the dynamic pressure loss

across the free layer is accounted for using the method proposed by Lewis (1981). Thus formulated, the dimensionless

static pressure coefficients can be written as

Cp ¼ Cp0 � ðus=UÞ2; upstream of the separation point;

Cp ¼ Cp0 � ðus=UÞ2 � ðusp=UÞ2; downstream of the separation point;

(
(3)

where Cp is the dimensionless pressure coefficient, Cp0 is the dimensionless stagnation point pressure coefficient, us is the

‘‘surface velocity’’, and usp is the ‘‘surface velocity’’ at the vortex element just before the separation point. At sub-critical

Re, the effect of skin friction on the mean drag of a bluff body is negligibly small. Therefore, the lift and drag coefficient

can be obtained by integrating the pressure coefficients around the bluff body, i.e.,

CD ¼
1

2

Z 2p

0

Cp cos ydy, (4)

CL ¼
�1

2

Z 2p

0

Cp sin ydy, (5)

where y is the circumferential location of Cp.

2.3. Structural dynamics

In the present formulation, only the unsteady forces act on the cylinder along the x- and y-direction are considered.

Assuming a two-degree-of-freedom (2-dof) model, the dynamical equation of the cylinder can be written in

dimensionless form as

€Zþ
4pzS

Ur

_Zþ
2p
Ur

� �2

Z ¼
CF

2M
, (6)

where Z ¼ ðX=DÞiþ ðY=DÞj, X and Y are the instantaneous displacement of the cylinder in the x and y direction,

respectively, D is the diameter of the cylinder, zS ¼ c= 2
ffiffiffiffiffiffiffi
km
p� �

is the dimensionless structural damping coefficient, c is

the damping coefficient, k is the equivalent stiffness, m is the structure mass per unit length, Ur ¼ U=ðf N DÞ is the

reduced velocity, fN is the natural frequency of the structure, M ¼ m=ðrD2Þ is the mass ratio, CF is the unsteady fluid

force coefficient vector with components CD and CL along the x- and y-direction, respectively, and r is the fluid density.

The mean and root-mean-square parts of CD and CL are denoted as C̄D, C0D and C̄L, C0L, respectively. These dynamic

equations are solved using a fourth-order Runge–Kutta method. Once the equations are solved, the velocity of the

cylinder and its displacements can be determined.

In order to show the effect of the structural dynamics model, a 1-dof vibration model will also be assumed in later

calculations. In this 1-dof model, vibration only in the transverse direction is considered and the governing equation is

given by setting X to zero in Eq. (6). Thus, the 1-dof calculations can be compared with the 2-dof results to gain better

understanding of the vibration behaviour of an elastic cylinder row. In particular, this allows the effect of crosstalk

between the x- and y-direction vibrations to be investigated.

2.4. Fluid–structure interaction model

An inertial frame of reference is used to describe the flow field and all structures are vibrating relative to this reference

frame. Lam et al. (2004) simulated the flow-induced vibration of a single flexible cylinder at Re ¼ 2:67� 104, and found

through numerous numerical experiments that when the nondimensional time step, DtU=D, is from 0.05 to 0.1, the
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numerical diffusion is smaller than the physical diffusion and the computational error is acceptable. Thus in this paper

we chose 0.075 as the optimal nondimensional time step for all the simulations. The procedure used to determine

vortex–cylinder interaction at each time step can be divided into five steps as follows: (i) the vorticity field is determined

using the SVM, and the unsteady fluid force coefficients are determined using Eqs. (4) and (5); (ii) the displacement and

velocity of the structures are computed by a Runge–Kutta method using Eq. (6); (iii) the structures are moved according

to their displacements, and the vorticity is changed accordingly; (iv) the strength of the surface vortices on the structure

is changed under the influence of the velocity of the structure; (v) the modified vorticity distribution caused by the

vibration of the structures will affect the fluid forces in the next time step. In such a process, the unsteady fluid forces,

the structure vibrations, and the vorticity field are evaluated in an iterative way so that the interactions between the fluid

and the structure are simulated properly.

At any instant, the cylinders are surrounded by a vorticity cloud with an infinite outer boundary of fluid medium.

When the flexible cylinder moves under the action of the unsteady forces, the vortices contained within the fluid medium

also move. The farther away the vortices are from the cylinder, the smaller the distance the vortices will move. A

simplified model is proposed to describe this effect. The model assumes that the displacement of a vortex can be

considered to be inversely proportional to the nth power of the vortex-to-structure distance. Therefore, if there is only

one moving cylinder, the displacement of a vortex is determined by the displacement of the cylinder and the vortex-to-

cylinder distance. If there are more than one moving cylinders, the displacement of a vortex is the sum of that caused by

each moving cylinder, i.e.,

ZVj ¼
X

i

ZTi

1

dn
ij

, (7)

where ZVj are the displacements of the jth vortex, ZTi are the displacements of the ith structure, dij is the distance

between the jth vortex and the ith structure. Numerical experiments with n in the range from 1 to 2 in steps of 0.2

indicated that the solution is not very sensitive to the choice in this range, therefore, n is chosen to be unity in the

present study.

For rigid cylinders in a uniform flow, the strength of the surface vortices is determined by Martensen’s potential flow

method, taking into account the additional coupling effects of free vortices. For flow-induced vibration of flexible

cylinders, surface vortices on the cylinders are caused not only by the mainstream velocity U, but also by the motion of

the cylinders. In order to calculate the surface vortex strength of the vibrating cylinders, another term has to be added

to Eq. (2) to account for the motion of the cylinders. Therefore, if the mainstream direction is aligned with the x-

direction (i.e., a ¼ 0), the strength of the mth surface vortex element in one of the cylinders can be deduced as

XM
n¼1

gðsnÞKðsn; smÞDsn ¼ ð�U þ vxÞ
dxm

dsm

cos aþ vy
dym

dsm

sin a
� �

þ
XI

i¼1

DGiLði;mÞ, (8)

where vx and vy are the vibration velocity of the cylinder in the x- and y-direction, respectively.

In the present simulation, two influencing factors are considered for the fluid–structure interaction process. One is the

effect of tube displacement on the free vortices, Eq. (7), and the other is the tube velocity on the generation of surface

vortices, Eq. (8). Eq. (7) is a simple model based on conservation of mass and free vortices in the fluid medium such that

when the flexible cylinder moves under the action of the unsteady forces, the vortices contained within the fluid medium

also move. In order to compare the sensitivity of these two factors, we had simulated flow-induced vibration of a single

flexible cylinder regarding only the displacement of the tube and neglecting the velocity of the tube (denoted as the

‘velocity-ignoring model’ in Lam et al., 2004). The vibration amplitude and the fluctuation lift of the ‘velocity ignoring

model’ in the lock-in region is much smaller than the experimental results. As pointed out by Lam et al. (2004), Eq. (8)

has a greater effect than Eq. (7). Therefore, in comparison with the effect of the tube displacement on free vortices, the

effect of tube velocity on vorticity generation is the main source of change of the fluid forces on the tube. Eqs. (7) and

(8) were used in the simulation of the present study.

In general, the natural frequency of the tube, the frequency of the fluctuation lift for a vibrating tube and a stationary

tube and the vortex shedding frequency have different physical meanings although they may take the same value. In our

paper, the frequency of vortex shedding fs is actually obtained from the frequency of the lift coefficient CL in the

calculation of flow across tube bundles. During the calculation, the mainstream velocity U is chosen to be constant

equal to 1m/s, and the tube diameter D is changed in proportion to the kinematic viscosity n to fulfil the Re condition.

At the given Re, f0 is the frequency of CL of a single cylinder when the cylinder is not allowed to vibrate (rigid). After

obtaining f0, the value St� ¼ f 0D=U is held constant and used in the calculation of SG ¼ 8p2St�2Mz, while fs is the

shedding frequency of flow past a row of cylinders and its value is not known a priori. So for the tube bundle both rigid

or flexible cylinders, we defined the nondimensional shedding frequency St ¼ f sD=U for our analysis. The natural
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frequency of the tube fN is a variable related only with mass and stiffness of the tube. In order to study the FIV of the

tube bundle, we change the fN/f0 ratio in the simulation by changing fN and keeping f0 constant. The different values of

SG ¼ 8p2St�2Mz are simulated by changing the damping ratio z and mass ratio M.
3. Vortex-induced vibration of a row of cylinders

Fig. 1 shows the layout of a row of seven cylinders normal to the oncoming uniform flow U. It is well known that the

initial flow behind a row of cylinders at small pitch ratio T/D is highly nonuniform and is dominated by wide and

narrow wakes. In order to examine the present model, the flow past a rigid cylinder row at pitch ratios T=D ¼ 1:5 and

2.0 is first simulated. Once completed, the fluid–structure interaction of a flexible cylinder row at T=D ¼ 2:0 at a lock-in
situation is simulated to test the suitability of the SVM model for the simulation of cylinder arrays with large amplitude

vibration. At small T/D, flow-induced vibration due to vortex shedding is suppressed, and fluidelastic instability

becomes dominant. In order to validate the suitability of the SVM model for fluidelastic instability prediction of a

cylinder row, the flow-induced vibration of a flexible cylinder row with different structural parameters at T=D ¼ 1:5 is

also simulated.

3.1. Flow behind a row of rigid cylinders

Zdravkovich (2003) systematically reviewed the work of flow past a row of rigid cylinders and pointed out that, for

T/D no less than 1.5, a narrow near-wake and a wide near-wake are formed. Fig. 2 shows the vorticity maps (the radius

of the tiny circle in the figure represents the vorticity strength of each free vortex at a particular position, and the line

crossing the radius represents the instantaneous velocity vector of each free vortex) of the flow past a single row of

cylinders at two different T/Ds. It can be seen that the narrow near wake and the wide near wake are prominently

reproduced in the vorticity map for T=D ¼ 1:5 (Fig. 2(a)), while for T=D ¼ 2:0 (Fig. 2(b)) the phenomenon becomes

less significant. Strong jet-flow is formed between the cylinders (Fig. 2(a)).

Zdravkovich and Stonebanks (1990) studied experimentally the unsteady fluid force coefficients of four adjacent

tubes in a single row of 11 cylinders at T=D ¼ 1:5 with Re ¼ 5:8� 104 based on the mean gap velocity. The C̄L of the

four cylinders are 0.07, 0.00, 0.01 and 0.08, with a variation of 70.08, while the C̄D are 0.99, 0.75, 0.81, 0.37, with a

variation of 70.07. In the present calculation (results in Table 1), the C̄L of the five adjacent cylinders in the centre of

the single row at T=D ¼ 1:5 vary from �0.04 to 0.05, while the C0L vary from 0.05 to 0.06. The C̄D of the five adjacent

cylinders in the centre of the single row vary from 0.35 to 0.54, and C0D range from 0.04 to 0.07. Compared with

experimental results, the computational results are in reasonable agreement. The exceptions are the calculated C̄D which

are somehow lower than the experiment values. This suggests that in this case, besides the assumption of the 2-D

calculation, the discrepancy between the unconfined flow condition in the present simulation and the blockage effects in

the wind tunnel experiments is also an important reason for the differences between simulation and experimental

results. But its effect on the centre part of the row of cylinders is still limited. So, simulating the FIV of the centre tubes
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Fig. 1. Schematic layout of a cylinder row in a uniform flow.
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Fig. 2. Vorticity maps of the flow past a cylinder row; comparison of the simulation results at: (a) T=D ¼ 1:5 and (b) T=D ¼ 2:0. The
radius of the tiny circle in the figure represents the vorticity strength of each free vortex, and the line crossing the radius represents the

instantaneous velocity vector of each free vortex.

Table 1

Comparison of the fluid force coefficients and St of a row of rigid cylinders at different T/Ds

Cylinder 2 Cylinder 3 Cylinder 4 Cylinder 5 Cylinder 6

T=D ¼ 1:5

C̄L 0.05 �0.01 �0.04 �0.02 �0.03

C0L 0.06 0.06 0.06 0.05 0.05

C̄D 0.54 0.53 0.48 0.41 0.35

C0D 0.07 0.05 0.05 0.04 0.04

St 0.06, 0.27, 0.39

T=D ¼ 2:0

C̄L �0.06 �0.03 0.01 0.04 0.02

C0L 0.10 0.11 0.10 0.11 0.11

C̄D 0.45 0.46 0.39 0.48 0.52

C0D 0.06 0.05 0.03 0.04 0.04

St 0.20, 0.27

K. Lam et al. / Journal of Fluids and Structures 22 (2006) 1113–1131 1119
using an unconfined tube array by the SVM is still reasonable for engineering applications. It should be noted that since

we did not put two wall panels on the sides of the cylinder row, the issue of pressure drop has not been addressed,

especially when the number of rows of cylinders is large. However, most of the present simulations are on a single row
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of cylinders. We expected the effect of pressure drop will not have great significance on our simulation. For example, if

we focus our attention on the characteristics relative to the flow patterns in the tube gap we can see that the simulation

results of the centre tubes in this unconfined tube array simulation and the experimental results of the centre tubes in the

tube array in a finite duct have many similarities.

It is generally noted that the flow past a cylinder row at small T/D gives rise to at least two shedding frequencies.

Zdravkovich and Stonebanks (1990) conducted frequency measurements of a single row of cylinders of 11 cylinders at

T=D ¼ 1:5 and Re ¼ 4:11� 10424:90� 104, and found three nondimensional shedding frequencies St ¼ fsD/U,

namely St ¼ 0.05, 0.28, and 0.40. In the present computation, these multiple frequency characteristics are also obtained.

The St of the five centre cylinders varies between 0.06, 0.27 and 0.39 as listed in Table 1 and are in excellent agreement

with experiments.

Table 1 shows the comparison of the fluid force coefficient and nondimensional shedding frequency St of the centre

cylinders in a rigid cylinder row at different T/Ds. The fluid force coefficients are based on the gap velocity Ug ¼

UðT=DÞ=ðT=D� 1Þ for the sake of comparison, while St is based on the free-stream velocity U. It can be seen that with

increasing T/D (from 1.5 to 2.0), C0L of the five cylinders increases noticeably (from around 0.06 to 0.11), while C0D
decreases only slightly (from 0.04–0.07 to 0.03–0.06). Compared with the results of T=D ¼ 1:5, the calculated C̄D at

T=D ¼ 2:0 is more uniform. This implies that the nonuniform phenomenon is less significant at T=D ¼ 2:0 and flow-

induced vibration due to vortex shedding is dominant. This conclusion is also supported by the calculated St at two

different T/Ds; St at T=D ¼ 2:0 is reduced from three widely different values (0.06, 0.27, and 0.39) to two relatively

similar values (0.20 and 0.27). These latter values are close to the St of a single cylinder (0.22) obtained by SVM at

similar Re (Lam et al., 2004).
Fig. 3. Vorticity map of the flow past a flexible cylinder row with different degree-of-freedom models at T=D ¼ 2:0 and f N=f 0 ¼ 1:0:
(a) 2-dof model; and (b) 1-dof model.
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3.2. Fluid–structure interaction of a fully flexible cylinder row at T=D ¼ 2:0

The grid-free SVM is suitable for simulating FIV problems with large amplitude vibrations, because the cylinders can

move freely over a large distance without the constraint of the grid. In this section, simulation of the fluid–structure

interaction of a flexible cylinder row with FIV being dominated by vortex shedding is attempted. This phenomenon

arises for T=D ¼ 2:0. The computation is conducted at f N=f 0 ¼ 0:5 and 1.0, where fN is the cylinder natural frequency

and f0 is the shedding frequency of the flow past a rigid cylinder, M ¼ 10, z ¼ 0:0317, and SG ¼ 8p2St�2Mz ¼ 1:29 is

the reduced damping parameter, which is similar to the definition adopted by Zhou et al. (1999), Liu et al. (2001) for

convenience of comparison of simulation results.

The case at f N=f 0 ¼ 1:0 is considered first. Figs. 3(a) and (b) show, respectively, the vorticity map of the flow-induced

vibration of the cylinder row with a 2-dof and a 1-dof model assumed. As expected, the vibration amplitude of some of

the cylinders is very large. Frequency analysis shows that the vortex shedding frequency and cylinder vibration

frequency of the vibrating cylinder row are close to the cylinder natural frequency, i.e., close to the lock-in region. The

vorticity clouds are formed behind the large-amplitude oscillating cylinders, and the wake flow of the cylinder row is

changing dramatically compared with that of the rigid cylinder row. A jet flow occurs when two of the cylinders

approach each other. This is the case irrespective of whether the vibration model assumed is a 1-dof or a 2-dof model.

The vorticity map of the cylinder row with a 2-dof model assumed (Fig. 3(a)) is more irregular than that of the cylinder

row with a 1-dof model (Fig. 3(b)).

The locus of the cylinder centre of the vibrating cylinders with a 2-dof model assumed is shown in Fig. 4. On the other

hand, the vibration response time history of the seven cylinders assuming a 1-dof model is plotted in Fig. 5. In Fig. 4 the

vibration responses of the cylinders in the x direction are larger than that in the y direction except for cylinder 5, where

the maximum vibration response occurs in the y direction and the amplitude is about 0.85D. This compares to

maximum vibration amplitude of 0.52D in cylinder 3 for the 1-dof model calculation (Fig. 5).

Through comparison of the vorticity map and the vibration amplitude of the 1-dof and 2-dof model calculation of the

cylinder row, it could be concluded that the crosstalk between the x- and y-direction vibration is not negligible for large-

amplitude vibration. The same behaviour is also observed in the calculated C0L for the case f N=f 0 ¼ 1:0 (Table 2). The

2-dof model yields a C̄L range of �0.15–0.08, and a C0L variation of 0.26–0.55. The corresponding variations are

�0.07–0.02 for C̄L and 0.14–0.47 for C0L when the 1-dof model was invoked.

These results led to an important question. If the vibration amplitude is small, does the vibration in the x direction

still have an important effect on the vibration response in the y direction for a row of freely vibrating cylinders? In order

to answer this question, a simulation at f N=f 0 ¼ 0:5 was carried out. The fluctuating forces are very small. For example,

C̄L varies around 070.02, while C0L hovers between 0.10 and 0.12 for the 2-dof and 1-dof model calculations (Table 2).

This implies that the vibration amplitude is also very small because the forcing function in Eq. (6) is small. The vorticity

maps of the cylinder row are quite similar to those of a rigid cylinder row. These results suggest that for small-amplitude

vibration, the crosstalk between the x- and y-direction could be neglected, and the 1-dof model can be used to account

for flow-induced vibration of a cylinder row. This realization is important for cylinder array simulation because it

greatly simplifies the calculations for multiple and complex arrays.

3.3. Fluid–structure interaction and fluidelastic instability of a fully flexible cylinder row at T=D ¼ 1:5

An array of cylinders placed in a uniform flow may undergo instability beyond a certain threshold flow velocity. At

small T/D, flow-induced vibration due to vortex shedding is suppressed by the relatively smaller gap between the

cylinders, and fluidelastic instability behaviour becomes dominant. In this section, the flow-induced vibration due to

fluidelastic instability of a single cylinder row is discussed. The computation is carried out at T=D ¼ 1:5, M ¼ 10 and

50, z ¼ 0:0317, and f N=f 0 ¼ 1:024:46. Altogether, three cases characterized by their mass ratio and their rigidity are

considered and they are: case 1 with small mass ratio and large rigidity (SG ¼ 1:29, M ¼ 10, f N=f 0 ¼ 2:98); case 2 with

small mass ratio and smaller rigidity (SG ¼ 1:29, M ¼ 10, f N=f 0 ¼ 1:79); case 3 with large mass ratio and more flexible

(SG ¼ 6:54, M ¼ 50, f N=f 0 ¼ 1:00). For small-gap flow with T=D ¼ 1:5, the vibration amplitude of the cylinder row is

small. Therefore, it is not necessary to assume a 2-dof model for the structural dynamics; a 1-dof model will suffice.

3.3.1. Vorticity map

Fig. 6 shows the vorticity map for the three cases studied: Fig. 6(a) is for case 1; Fig. 6(b) is for case 2; and Fig. 6(c) is

for case 3. It can be seen from the wake flow of case 2 (Fig. 6(b)) that the vibration of the cylinders is more violent than

that shown for case 1 (Fig. 6(a)) and case 3 (Fig. 6(c)). At M ¼ 10 (case 1 and 2), with a decrease in the natural

frequency, the oscillation of the cylinders increases, and the vibrating cylinders interact with the flow and cause a
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dramatic change in the vorticity field. At M ¼ 50 (case 3), although the natural frequency of cylinders is lower and is

chosen to be equal to the shedding frequency of a rigid cylinder, the vorticity map is still more orderly than that shown

for the case 2 where M ¼ 10 and f N=f 0 ¼ 1:79 due to the very high SG value used in the simulation.
3.3.2. Vibration response

The time histories of the vibration response of the flexible cylinder row for case 1, 2 and 3 are shown in Figs. 7–9,

respectively. For case 1 where M ¼ 10 and f N=f 0 ¼ 2:98 (Fig. 7), the maximum vibration amplitude is 0.011D and

occurs at cylinders 2 and 3, the r.m.s. vibration response of the cylinders is small, ranging from 0.001D to 0.003D. The

multiple frequency characteristics are distinctive in the vibration response, and the primary response frequencies of the

cylinders are high. For case 2 (M ¼ 10 and f N=f 0 ¼ 1:79), the maximum vibration amplitude is 0.287D and occurs at

cylinder 2 (Fig. 8), the r.m.s. vibration responses of the cylinders are large, ranging from 0.026D to 0.125D. The primary

response frequencies are not as high as those deduced for case 1 due to the change of wake size when more significant

fluid–structure interaction occurs as fN approaches f0. The vibration response frequencies of the cylinders are

monotonic. For case 3 (M ¼ 50 and f N=f 0 ¼ 1:00), the maximum vibration amplitude is 0.034D and occurs at cylinder

1 (Fig. 9), the r.m.s. vibration responses of the cylinders are still relatively small, ranging from 0.006D to 0.013D.

Multiple frequency characteristics are evident in the vibration response. The primary response frequencies of the

cylinders are lower than those discerned in Fig. 8.
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Table 2

The lift force coefficient of a cylinder row calculated with 1- and 2-dof models and different flexibility at T=D ¼ 2:0

Cylinder 2 Cylinder 3 Cylinder 4 Cylinder 5 Cylinder 6

f N=f 0 ¼ 1:0
2-dof model C̄L �0.02 �0.02 0.08 0.02 �0.15

C0L 0.29 0.26 0.38 0.55 0.39

1-dof model C̄L 0.02 �0.07 �0.03 �0.02 �0.01

C0L 0.39 0.47 0.33 0.14 0.18

f N=f 0 ¼ 0:5
2-dof model C̄L �0.03 �0.03 �0.05 0.00 0.02

C0L 0.11 0.12 0.11 0.11 0.10

1-dof model C̄L �0.03 �0.04 �0.02 �0.04 �0.05

C0L 0.11 0.11 0.11 0.12 0.11
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3.3.3. Fluid force

The mean and r.m.s. lift coefficients of each cylinder in cases 1, 2 and 3 are tabulated in Table 3. Variations of C̄L of

the cylinders are about 0.10, and are almost the same as those shown in Table 1 for the rigid cylinder row. The C0L of the

cylinders in case 2 (M ¼ 10 and f N=f 0 ¼ 1:79) range from 0.20 to 0.27, and are much higher than those calculated for

the other two cases. For cases 1 and 3, C0L varies from 0.04 to 0.07 and from 0.05 to 0.06, respectively, and these values

are close to those given in Table 1 (0.05–0.06) for a rigid cylinder row.
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Fig. 7. Time history of the flow-induced vibration of a flexible cylinder row for case 1 where SG ¼ 1:29 and f N=f 0 ¼ 2:98.

Fig. 6. Vorticity map of the flow past flexible cylinders in a row with T=D ¼ 1:5 for three cases with different structural parameters: (a)

case 1 with SG ¼ 1:29, M ¼ 10, f N=f 0 ¼ 2:98; (b) case 2 with SG ¼ 1:29, M ¼ 10, f N=f 0 ¼ 1:79; and (c) case 3 with SG ¼ 6:54,
M ¼ 50, f N=f 0 ¼ 1:00.
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3.3.4. Fluidelastic instability

Cylinders 2–6 in the centre of the cylinder row can be used to approximate the middle portion of an infinite cylinder

row. The r.m.s. value of the y-direction vibration amplitude (Y/D)r.m.s. and frequency of the flow-induced vibration
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response of the five cylinders at SG ¼ 1:29 are shown versus the reduced flow velocity in Figs. 10 and 11, respectively. In

order to compare with experimental data, the reduced flow velocity is based on the gap flow velocity. In the simulation,

the variation of the reduced velocity Urg ¼ Ug=ðf NDÞ is obtained by changing the natural frequency fN. It can be seen

that at Urg ¼ 3:0 and 4.5, (Y/D)r.m.s. of the five cylinders are very small, and multiple frequencies occur in the vibration

response. The largest response is at the tube natural frequency. From Urg ¼ 4:5 to 6.0, (Y/D)r.m.s. increases, while the

increase is rather rapid from Urg ¼ 6:0 to 6.69 then to 7.5. At Urg ¼ 6:0, 6.69 and 7.5, the vibration frequency, which is

a little smaller than the natural frequency, is distinctly visible for the vibrating cylinders. The critical Urg stands at about

6.0 for SG ¼ 1:29.
The present critical Urg is plotted in Fig. 12 together with the experimental results of a multi-flexible single row of cylinders

compiled by Price (1995) and the analytical results of a single row of cylinders with T=D ¼ 1:33 using the unsteady model

(Tanaka et al., 2002). It can be observed that the present model reasonably estimated the fluidelastic instability boundary for

SG ¼ 1:29. The simulation result with M ¼ 50 and f N=f 0 ¼ 1:00 corresponding to SG ¼ 6:45 and Urg ¼ 13:38 is located

within the stable steady region in Fig. 12, which is also demonstrated by its small-vibration amplitude.
4. Vortex-induced vibration of a staggered cylinder array

4.1. Simulation results of the SVM

The flow around several rows of cylinder array is far more complex especially when the cylinders are flexible. In this

section, a simulation of the flow past a staggered cylinder array (T=D ¼ P=D ¼ 2:0) of three rows with five or four
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Fig. 9. Time history of the flow-induced vibration of a flexible cylinder row for case 3 where SG ¼ 6:45 and f N=f 0 ¼ 1:00.

Table 3

The lift force coefficients of the vibrating cylinder row with different structural parameters at T=D ¼ 1:5

Case Cylinder 2 Cylinder 3 Cylinder 4 Cylinder 5 Cylinder 6

1 SG ¼ 1:29, f N=f 0 ¼ 2:98 C̄L 0.07 �0.03 �0.03 �0.02 �0.03

C 0L 0.07 0.07 0.06 0.04 0.04

2 SG ¼ 1:29, f N=f 0 ¼ 1:79 C̄L 0.04 �0.02 �0.01 �0.03 �0.06

C 0L 0.27 0.20 0.24 0.22 0.26

3 SG ¼ 6:45, f N=f 0 ¼ 1:00 C̄L 0.06 �0.01 �0.05 �0.02 �0.04

C 0L 0.06 0.07 0.06 0.05 0.05
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cylinders in each row is attempted. Here, P is the centre-to-centre distance between two rows of cylinders. The

simulation is carried out for rigid cylinders as well as for flexible cylinders free to vibrate only in the y direction with

SG ¼ 1:29, f N=f 0 ¼ 1:0 and 2.0. This means that a 1-dof model is assumed for the cylinder dynamics.

Fig. 13 shows a comparison of the vorticity maps deduced from arrays having different structural parameters. It can

be seen that when the cylinders are rigid, the flow around the cylinders is more orderly (Fig. 13(a)). The wake of the first

row of cylinders is narrowed, while the hook-like wake of the second row of cylinders is wide, and in the last row, an

alternate wide and narrow near-wake is formed. The flow pattern in the first and second row, especially the first row, is

similar to the flow visualization results for normal triangular cylinder array with P=D ¼ 2:08 and Re ¼ 10 000 of
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Oengoren and Ziada (1998) (in their Fig. 14f). The force frequency analysis of the cylinders in different rows is

consistent with the vorticity distribution, i.e., the narrow wake of the first row corresponds to a higher nondimensional

vortex shedding frequency of 0.26, the wide wake of the second row to 0.17, while the third row has multiple frequencies

of 0.26 and 0.12. We compare the frequency analysis results with the experimental results of Oengoren and Ziada (1998)

of flow past normal triangular tube array with P=D ¼ 2:08 and Re ¼ 26 300. Their measurements showed that two

frequencies are clearly visible in the first row with the higher frequency is dominant, and in the second row two shedding

frequencies and their difference frequency are shown, while in the further six rows only the first row domain frequency

and the difference frequency exist. The discrepancy in the behaviour may be due to the fact that Oengoren and Ziada

considered a 14-row array, while this paper simulates a three-row array in unconfined flow.

The vorticity map of the flexible cylinder array at f N=f 0 ¼ 2:0 is slightly more irregular than that of the rigid

cylinders, but the whole flow pattern is similar. The vibration amplitude is quite small (Fig. 14), the maximum vibration

amplitude of 0.06D occurs at cylinder 11 in the third row, and the vibration response increases along the streamwise



ARTICLE IN PRESS

U
rg

10-2

103

102

101

100

10-1

SG

100 101 102

Fig. 12. Critical Ur for a single row of flexible cylinders versus SG: (J) experimental results compiled by Price (1995); (—) practical

stability standard; (–c–) analytical results of Tanaka et al. (2002) for a single row of cylinders at T=D ¼ 1:33; and (’) present

calculations.

Fig. 13. Vorticity map of the flow past a staggered cylinder array T=D ¼ P=D ¼ 2:0: (a) rigid cylinders; and (b) flexible cylinders with

SG ¼ 1:29 and f N=f 0 ¼ 1:0.

K. Lam et al. / Journal of Fluids and Structures 22 (2006) 1113–11311128
direction. The vorticity map for the flexible cylinder array at f N=f 0 ¼ 1:0 (Fig. 13(b)) is quite different from that of the

rigid cylinders. Due to a large amplitude vibration in the first row (Fig. 15), jet flow occurs between cylinder 3 and 4,

and the flow past the cylinder array changes violently. Contrast this to the situation where f N=f 0 ¼ 2:0, the vibration

response of the cylinders decreases along the streamwise direction, and a maximum vibration amplitude of 0.69D occurs

at cylinder 3 in the first row. The shedding frequency is between 0.22 and 0.26.

Comparing the vibration response of the two cases considered above, it is observed that in small-amplitude vibration

the fluid–structure interaction is weak, the influence of cylinder vibrations on the flow field can be neglected, while in

large-amplitude vibration, the fluid–structure interaction is strong, and the influence of cylinder vibration on the flow

field is very significant.

We have spent a lot of effort to simulate the flow-induced vibration of multi-cylinder arrays using the finite element

method (FEM), similar to Liu et al. (2001). Since there are so many bottlenecks involved in simulating the flow around

multi-cylinders by grid-based methods, such as boundary layer solving, choice of turbulence model, grid formation and

deformation, etc., we did not obtain good results compared to SVM. It is evident that FEM simulation is a very time-

consuming and difficult approach compared to the SVM. For example, using SVM it only takes about 48 h of

computational time in a Pentium 4 (CPU 1.7GHz and 512M RAM) to simulate flow-induced vibration of a staggered

cylinder array with SG ¼ 1:29 and f N=f 0 ¼ 1:0, while our FEM simulation of a similar case failed after 10 days of

computation. Using FEM, the vibration amplitude of the cylinders is constrained by the deformation of the meshes.
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Once the motion of a cylinder in a time step becomes too large, which would lead to mesh entanglement, computation

breakdown would occur. On the other hand, using SVM the vibration amplitude of the cylinder can be as large as the

problem allows, provided the cylinders do not coalesce with each other.
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5. Conclusions

The flow-induced vibration of a single cylinder row and a staggered cylinder array are simulated by a fluid–structure

interaction model based on the surface vorticity method (SVM) at a Reynolds number Re ¼ 2:67� 104, and the

following conclusions can be made:
(1)
 The nonuniform flow behind a rigid cylinder row with a small pitch ratio T=D ¼ 1:5, characterized by narrow and

wide near wake and multiple frequencies, are replicated reasonably well by the SVM. The vortex shedding behind a

rigid cylinder row with T=D ¼ 2:0 is also reproduced.
(2)
 SVM is suitable for large-amplitude vortex-induced vibration simulation. The large-amplitude vibration of a

cylinder row with T=D ¼ 2:0 is calculated. It is found that the vorticity map and the fluid forces of the cylinder row

change dramatically, and the x-direction vibration has a significant effect on the y-direction vibration. This rather

significant crosstalk is absent in small-amplitude vibration cases. Therefore, the influence of the x-direction

vibration on the y-direction can be neglected and a 1-dof structural dynamics model can be assumed to analyse the

small amplitude vibration characteristics of the cylinder arrays.
(3)
 The FIV and fluidelastic instability of a flexible cylinder row with T=D ¼ 1:5 is also studied. Simulations have been

carried out for three cases where the structural parameters are quite different. The calculated vorticity map,

vibration response, and fluid force of three cases are compared. The critical reduced velocity of the cylinder row at

SG ¼ 1:29 is calculated. A comparison with experimental and analytical results shows that the present method

reasonably estimates the fluidelastic stability threshold for SG ¼ 1:29. Furthermore, the simulation result shows that

the small-amplitude vibration with M ¼ 50 and f N=f 0 ¼ 1:00 is located in the stable region.
(4)
 Flow-induced vibration of a staggered cylinder array with T=D ¼ P=D ¼ 2:0 is simulated assuming different

structural parameters. The vorticity map of the rigid cylinder array is compared with flow visualization results, and

the basic flow characteristics are produced. The shedding frequency in the first row is higher than that calculated for

the second row; this result is consistent with experimental data. When the cylinders become more flexible, the flow

pattern changes drastically and fluid–structure interaction has a dominant impact on the flow. The results further

show that, with a decrease of cylinder natural frequency, the maximum vibration response moves from the third row

to the first row.
(5)
 Compared with grid-based methods, the grid-free SVM is an efficient and practical method for the simulation of the

FIV of cylinder arrays at sub-critical Reynolds numbers.
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